Abstract. The aim of this paper is to extend the notion of commutativity of vector fields to the category of singular foliations, using Nambu structures, i.e. integrable multi-vector fields. We will classify the relationship between singular foliations and Nambu structures, and show some basic results about commuting Nambu structures.
Introduction
Foliations are often viewed as generalizations of dynamical systems. A lot of natural notions can be extended from the world of dynamical systems to the world of foliations. For example, many authors studied the entropy of foliations (see, e.g., [9] and references therein, and also [11] ). However, to our knowledge, the general notions of commutativity and integrability, which are very important for dynamical systems, have been given very little attention so far in the world of foliations. The only explicit mentions of the words "(non)commuting foliations" that we found in the literature are a paper of Movshev [7] and some papers of Katok and his collaborators (see, e.g., [3] ). The aim of this paper is to attract attention to commuting foliations, and to give some basic results about them, which are relatively simple but nevertheless interesting in our view. We will also clarify the (somewhat confusing until now) relationship between singular foliations and Nambu structures.
So what are commuting foliations? As V.I. Arnold said, a good definition is five good examples. Instead of giving a formal definition, let us list here some examples which could be considered as (singular) commuting foliations. These examples are different but related to each other, and they all generalize the notion of commuting vector fields:
-Commuting actions of Lie groups and Lie algebras. In particular, foliations generated by commuting vector fields in an integrable dynamical system.
-A pair of transverse foliations F 1 , F 2 such that the holonomy of F 1 acts trivially on F 2 and vice versa (Movshev [7] ).
-Almost direct products, i.e. constructions of the type (F 1 ×F 2 )/G, where F 1 and F 2 are two manifolds, and G is a discrete group which acts on the product F 1 × F 2 freely and diagonally, i.e. G acts on both F 1 and F 2 , and the action of G on F 1 × F 2 is composed of these two actions of G on F 1 and F 2 . The two foliations on (F 1 × F 2 )/G are the "horizontal" foliation with leaves (F 1 × {pt})/G and the "vertical" foliation with leaves ({pt} × F 2 )/G respectively.
-Foliations generated by compatible Poisson structures, compatible symplectic structures, compatible Dirac structures, etc.
-Parallelizable webs (see, e.g., [1] ).
-Commuting Nambu structures (see below). There are many different ways to generate (singular) foliations. One of the most general and convenient ways is via the so called Nambu structures, i.e. multi-vector fields which are integrableà la Frobenius. In this paper we will also be mainly concerned with Nambu structures. We refer the reader to Chapter 6 of [2] and also to [12] for basic notions about Nambu structures which will be used in this paper. We will use the following definition of Nambu structures [12] which is a bit different from the original definition of Takhtajan [8] : A Nambu structure (or tensor) of order q on a manifold M is a q-vector field Λ on M which satisfies the following condition: for any point p ∈ M such that Λ(p) = 0, there is a local coordinate system (x 1 , . . . , x n ) in a neighborhood of p such that in that neighborhood. Geometrically, a Nambu structure of order q is nothing but a singular q-dimensional foliation together with a contravariant volume form (i.e. q-vector field) on its leaves: in the local normal form Λ = ∂ ∂x 1 ∧ . . . ∧ ∂ ∂xq the foliation is generated by the commuting vector fields ∂ ∂x 1 , . . . , ∂ ∂xq . A Nambu structure is called regular if it does not vanish anywhere. In that case its foliation is also a regular foliation.
We will clarify the relationship between Nambu structures and foliations in Section 2, before studying commuting foliation (in term of commuting Nambu structures) in the rest of the paper.
An advantage of multi-vector fields in the study of foliations is that we can use the Schouten bracket in the calculus of multi-vector fields. In particular, it would be natural to say that when two Nambu stuctures commute then their Schouten bracket vanish. This definition, which was already mentioned in [2] , works well in the case when the sum of the orders of the two Nambu structures does not exceed the dimension of the manifold (see Definition 3.1 and Proposition 3.2 below). However, if Λ 1 and Λ 2 are two Nambu structures of orders q 1 and q 2 respectively on a n-dimensional manifold, such that q 1 + q 2 > n, then the condition [Λ 1 , Λ 2 ] = 0 does not mean much. (It means nothing at all when q 1 + q 2 ≥ n + 2, because the order of
In this paper, we will give a meaningful definition of commutativity of two Nambu structures Λ 1 and Λ 2 in the case when q 1 + q 2 > n, by replacing the equation [Λ 1 , Λ 2 ] = 0 by an appropriate stronger condition (see Definition 3.6 and Proposition 3.7).
From foliations to Nambu structures and back
In this section, we will show how to go from a singular foliation to a Nambu structure and back, via the notions of associated Nambu stucture and associated foliation, and what changes and what remains when one goes around a full circle. We want to convince the reader that Nambu structures are the right objects to consider in order to study singular foliations by algebraic means.
2.1. Tangent and associated Nambu structures. Given a singular foliation F of dimension q on a manifold M and a Nambu structure Λ of order q on M , it would be natural to say that Λ is tangent to F if for any point x of M such that Λ(x) = 0 we have that x is a regular point of F and locally near x we can write
, . . . , ∂ ∂xq generate F near x. If Λ is tangent to F in the above sense, then evidently S(F) ⊂ S(Λ), where S(F), S(Λ) are the singular set of F and Λ respectively. A simple way to generate a local non-trivial Nambu structure tangent to a singular foliation F is to take q local vector fields X 1 , . . . , X q which are tangent to F and which are linearly independent almost everywhere, and put
then clearly Π is a Nambu structure tangent to F. However, this Nambu structure Π can be "bad", in the sense that it has too many singular points compared to the singularities of F. Ideally, we would like to have a local Nambu structure which vanishes only at singular points of F. However, such a Nambu structure may or may not exist, as the following example shows: Example 2.1. Consider a germ of singular foliation F of dimension 2 at the origin of C 3 whose leaves are {z = c} with c = 0, {z = 0, y = 0} and {z = 0, y = 0}. Then S(F) = {z = 0, y = 0}. If Λ is a Nambu structure tangent to F in the above sense, then it must have the form
where f is a function vanishing on S(F). Since codimS(F) = 2, there is no function which vanishes only on S(F). Moreover, the singular set S(Λ) = {f = 0} has codimension 1 which is too big compared to S(F).
This leads us to the following definition: , . . . ,
We will say that Λ is an associated Nambu structure if it is a tangent Nambu structure which satisfies the following additional conditions:
is without multiplicity in the sense that Λ can't be written as
where f is a function which vanishes somewhere (f (O) = 0 in the local case).
A direct consequence of Conditions 2 and 3 above is that if Λ is an associated Nambu structure of a holomorphic foliation F and codimS(Λ) = 1 or codimS(F) = 1 then we must have S(Λ) = S(F). In Example 2.1, an associated Nambu structure of F is ∂ ∂x ∧ ∂ ∂y .
The following proposition shows that, at least in the holomorphic category, an associated Nambu structure can be seen as a generator of the module of tangent Nambu structures. Associated Nambu structures do not necessarily exist globally, but they exist locally, and the sheaf of local tangent holomorphic Nambu structures forms a holomorphic line bundle over the manifold, which is often called in the literature the anti-canonical line bundle of the foliation. 
for some local holomorphic function f .
Proof. Let us start with an arbitrary non-trivial holomorphic Nambu structure Π tangent to F, e.g. Π = X 1 ∧ . . . ∧ X q as above. There are two possibilities: either codimS(Π) = 1, or codimS(Π) ≥ 2; where S(Π) is the singular set of Π. If codimS(Π) = 2, it is clear that Π is an associated Nambu structure.
If codimS(Π) = 1, then it is the zero locus of some reduced function g, i.e. without multiplicity in its decomposition. Then Π g is holomorphic and so it is again a tangent Nambu structure. If codimS( Π g ) = 1, then we can device Π g again by some other function which vanish at x and so on. At the end, we obtain Π = hΛ, where codimS(Λ) ≥ 2. The problem which may arise now is that F itself may have a singular set of codimension 1. If it is the case, we will find a reduced function s such that the singular set of F is the zero locus of s. Then sΛ will be an associated Nambu structure.
Let us now prove the uniqueness. Suppose that Λ ′ is another associated Nambu structure, then it is clear that
, and
for some holomorphic function f which is defined outside the union of two singular sets
By Riemann extension theorem, f can extend to the points of S(Λ) ∪ S(Λ ′ ). Switching the role of Λ and Λ ′ , we can deduce that f is invertible.
If codimS(Λ) = 1, then S(Λ) = S(Λ ′ ) = {s = 0} for some reduced function s. Condition 4 in Definition 2.2 implies that
, where codimS(Λ 1 ) ≥ 2 and codimS(Λ ′ 1 ) ≥ 2. The proof of the uniqueness is done by considering Λ 1 and Λ ′ 1 instead of Λ and Λ ′ . Now, if Π is a tangent Nambu structure of F, then we can write Π = f Λ, for some holomorphic function f defined outside the singular set S(Λ). The function f can extend to the points of S(Λ) in the case codimS(Λ) ≥ 2. If codimS(Λ) = 1, the S(Λ) = S(F). We write
where s is a reduced function and codimS(Λ 1 ) ≥ 2. By Condition 2 in Definition 2.2, we have S(F) ⊂ S(Π). Hence, Π can be written as
where Π 1 is a Nambu structure. We still have
But now f 1 is a holomorphic function defined outside the singular set of Λ 1 which satisfies codimS(Λ 1 ) ≥ 2. This finishes the proof by using the Riemann extension theorem for f 1 .
Associated foliations.
We say that a vector field X is tangent to a Nambu structure Λ if
The set of tangent vector fields forms an integrable distribution and hence defines a singular foliation. However, the foliation defined in this way may lose many singularities of Λ, as in the following example shows:
Example 2.4. Consider the following Nambu structure on C 2 :
Then codimS(Λ) = codim{x = 0} = 1, but the foliation F defined by the tangent vector fields of Λ consists of just one leaf, which is the whole space
This leads us to the following definition:
The set of CIT vector fields of Λ will be denoted by CIT(Λ). The following proposition shows that CIT(Λ) generates an integrable singular distribution. Therefore, it defines a foliation, which will be called the associated foliation of Λ. Proposition 2.6. The set of CIT vector fields of a smooth (resp. analytic) Nambu structure Λ of order q generates a smooth (resp. analytic) integrable singular distribution.
Proof. Let us prove in the smooth category (the analytic category is similar and simpler). First of all, we show that CIT(Λ) is a module over the ring of smooth functions. Assume that X and Y are two CIT vector fields. Then it is clear that X + Y is also a CIT vector field. If f is a smooth function, we need to show that f X is again a CIT vector field of Λ.
Let Ω be a smooth volume form and ω = i Λ Ω be the dual (n − q)-form of Λ. We claim that a vector field Z conformally preserves Λ if and only if it conformally preserves ω. Indeed, if
where Ω −1 is a n-vector satisfying Ω(Ω −1 ) = 1. Then we have
for some smooth function h ′ . Now if X is a CIT vector field of Λ, then i X ω = 0. Consequently,
It implies that f X is also a CIT vector field of Λ. The second step is to prove that CIT(Λ) is involutive. Let X, Y be two CIT vector fields of Λ. Locally near a regular point x of Λ, there is a local system of coordinates (x 1 , . . . , x n ) such that
Since X, Y are tangent to Λ, we can write
It follows that locally near every regular point
Hence, [X, Y ] is also a CIT vector field. Now, since every CIT vector field conformally preserves Λ, its local flow also preserves Λ conformally. Consequently, it preserves everything conformally generated by Λ, including the singular distribution generated by CIT(Λ). Therefore, by Stefan-Sussmann theorem (see Chapter 1 of [2]), we obtain that the smooth singular distribution generated by CIT(Λ) is integrable.
Definition 2.7. The foliation generated by the CIT vector fields of Λ is called the associated foliation of Λ, and denoted by F Λ .
Clearly, if f is an invertible function (i.e. f = 0 everwhere) then F Λ = F f Λ . In Example 2.4, F Λ is generated by {x ∂ ∂x , ∂ ∂y } and consists two leaves {x = 0} and {x = 0}. Proposition 2.8. For any Nambu structure Λ, the singular set of Λ contains the singular set of its associated foliation:
Proof. Fix an arbitrary local coordinate system (x 1 , . . . , x n ). Let P be a regular point of Λ in this coordinate system. Then we may assume, without lost of generality, that a 12...q (P ) = 0, where
.
Λ (the hat means that the corresponding term is missing in the expression). Then X i is local Hamiltonian vector fields of Λ, and obviously it is in CIT(Λ). The condition a 12...q (P ) = 0 implies that
and F Λ is generated by X 1 , . . . , X q near P . So P is also a regular point of
Proposition 2.9. Let Λ be a holomorphic Nambu structure. If codim(Λ) ≥ 2, then every tangent vector of Λ is also a conformally invariant vector field of Λ.
Proof. Let X be a tangent vector of Λ. Locally near a regular point of Λ, there is a local system of coordinate (x 1 , . . . , x n ) such that
It leads to
where g is a holomorphic functions defined outside the singular set of Λ. Since codim(Λ) ≥ 2, by Riemann extension theorem g can extend to the points of S(Λ) and it implies that X is CIT vector field.
2.3.
From foliations to Nambu structures and back. Given a local Nambu structure Λ and a local function f , we will say that Λ conformally preserves f if there exists a local Nambu structure Σ of order
where the above bracket means the Schouten bracket. The set of functions which are conformally preserved by Λ will be denoted by µ(Λ). 
Therefore, [f, Λ] = f Σ if and only if f |Y (f ) for all Y tangent to Λ. Hence, it remains to show that if f |X(f ) for all X ∈ CIT(Λ) then f |Y (f ) for all Y tangent to Λ. Let Y be a tangent vector of Λ. Using the same argument as in the proof of Proposition 2.9, we have L Y Λ = gΛ, where g is a holomorphic functions defined outside the singular set of Λ. The function g is meromorphic, so we can write
where {s = 0} ⊂ S(Λ). We claim that sY ∈ CIT(Λ). Indeed, let Ω be a volume form and
for some holomorphic function h. This leads to
for some holomorphic function h ′ . Therefore, sY ∈ CIT(Λ). It implies that
Since f ∤ Λ and {s = 0} ⊂ S(Λ), we have that f and s are coprime. Consequently, f |Y (f ).
The following proposition shows how does a Nambu structure change after the cycle: Λ → F Λ → Λ ′ . Proposition 2.11. Let Λ be a holomorphic Nambu structure and F Λ be its associated foliation. Suppose that Λ ′ is an associated Nambu structure of F Λ .
• If codimS(Λ) = 2, then Λ ′ = uΛ for some invertible function u.
Proof. First consider the case codimS(Λ) ≥ 2. By Proposition 2.8, S(F Λ ) ⊂ S(Λ). Consequently, codimS(F Λ ) ≥ 2 and this implies that Λ is an associated Nambu structure of F. By the uniqueness of associated Nambu structure, Λ = uΛ ′ for some invertible function u.
The case codimS(Λ) = 1 is a direct consequence of Lemma 2.12 below.
Lemma 2.12. Let f m Λ be a holomorphic Nambu structure and F f m Λ be its associated foliation, where f is an irreducible function and f ∤ Λ. Suppose that Λ ′ is an associated Nambu structure of F f m Λ .
• If f ∈ µ(Λ), then Λ = gΛ ′ for some holomorphic function g.
• If f / ∈ µ(Λ), then Λ ′ = f Λ ′′ and Λ = gΛ ′′ for some holomorphic function g.
Proof.
We first show that CIT(f m Λ) ⊂ CIT(Λ). If X ∈ CIT(f m Λ), then there is a holomorphic function h such that
It leads to mX(f )Λ + f L X Λ = hf Λ. Using the same argument as in the proof of Proposition 2.9, we have
where s is a holomorphic function defined outside S(Λ). Since f ∤ Λ, X(f ) must vanish on zero locus of f . It implies that f |X(f ) and hence X ∈ CIT(Λ). Let F Λ be the associated foliation of Λ.
If f ∈ µ(Λ), we claim that
Hence,
Since F f m Λ = F Λ , Λ ′ is also an associated Nambu structure of F Λ whose singular set doesn't contain {f = 0}. It implies that Λ = gΛ ′ for some holomorphic function g.
We claim that at every point P which satisfies Y (P ) = 0 and f (P ) = 0 is a singularity of F f m Λ . Indeed, choose a coordinate system (x 1 , . . . , x q ) at P such that Y =
∈ CIT(F f m Λ ) for some function a. But this can not happen when f ∤ ∂f ∂x 1 . In conclusion,
Since f ∤ Y and S(F f m Λ ) is closed, we have {f = 0} ⊂ S(F f m Λ ) and hence {f = 0} ⊂ S(Λ ′ ). Therefore, Λ ′ = f Λ ′′ for some Nambu structure Λ ′′ . It is easy to show that Λ = gΛ ′′ for some holomorphic function g. Corollary 2.13. Let Λ be a holomorphic Nambu structure and F be its associated foliation. Then locally near any point x, we can write
where {x k+1 = · · · = x n = 0} is the leaf of F passing through x, g is a holomorphic function and
Proof. Choose a system of coordinates (x 1 , . . . , x n ) such that the leaf of F passing through x is the k-dimensional disk {x k+1 = · · · = x n = 0} and each k-dimensional disk {x k+1 = c k+1 , . . . , x n = c n } is wholly contained in some leaf of F. Denote by F 0 the restriction of F of the disk {x 1 = · · · = x k = 0}. Let Π be a associated Nambu structure of F 0 . Then, it is clear that for each i = 1, . . . , k, ∂x i commutes with Π and
be an associated Nambu structure of F. By Proposition 2.11, we have Λ = gΛ ′ for some function g.
Proposition 2.14. Let F be a holomorphic singular foliation and Λ be its associated Nambu structure. Suppose that
Proof. If codimS(F) ≥ 2, then codimS(Λ) ≥ 2. By Proposition 2.8, we have codimS(F Λ ) ≥ 2. Let us now show that F Λ is a saturation of F. Fix a point P of the foliation and assume that X is a tangent vector field of F which satisfies X(P ) = 0. We will show that X is also a tangent vector of F Λ . Choose a coordinate system (x 1 , . . . , x n ) at P such that X = ∂ ∂x 1 and every disk {x 2 = c 2 , . . . , x n = c n } is contained in a leaf of F. Denote by F 0 the restriction of F on {x 1 = 0}. Suppose Π an associated Nambu structure of F 0 , then Λ ′ = ∂ ∂x 1 ∧ Π is an associated Nambu structure of F. It is clear that
is a CIT of Λ ′ and hence a CIT of Λ. Therefore, X is tangent to F Λ .
Commuting Nambu tensors
3.1. The case q 1 + q 2 ≤ n. 
Proof. The above proposition was mentioned without proof in [2] , so for the completeness of exposition let us present here a proof.
Let us first consider the case n = q 1 + q 2 . In this case, we have two local transverse foliations near O, generated by Λ 1 and Λ 2 respectively. We can find a coordinate system (y 1 , . . . , y q 1 , z 1 , . . . , z q 2 ) near O such that the foliation generated by Λ 1 is {z 1 = const., . . . , z q 2 = const.}, and the foliation generated by Λ 1 is {y 1 = const., . . . , y q 1 = const.}. In other words,
, where f 1 and f 2 are some functions. The equality [Λ 1 , Λ 2 ] = 0 implies that f 1 (resp. f 2 ) does not depend on the variables z 1 , . . . , z q 2 (resp. y 1 , . . . , y q 1 ). One can then find functions x 1 , . . . , x q 1 (resp. x q 1 +1 , . . . , x n ) which depend only on the coordinates y 1 , . . . , y q 1 (resp. z 1 , . . . , z q 2 ), such that Λ 1 and Λ 2 have the canonical form (3.2) in the new coordinate system (x 1 , . . . , x n ).
The case when n > q 1 + q 2 can be reduced to a parametrized version of the case with the dimension equal to q 1 + q 2 . The main point is to prove that Λ 1 ∧ Λ 2 is a Nambu structure. Locally we can write
where the vector fields X 1 , . . . , X q 1 , Y 1 , . . . , Y q 2 are linearly independent can can be completed by vector fields Z 1 , . . . , Z q 3 , where q 3 = n − q 1 − q 2 , to become a basis field for the tangent bundle of M near O. The fact that Λ 1 is a Nambu structure means that X 1 , . . . , X q 1 satisfy the Frobenius integrability condition, i.e. [X i , X j ](x) lies in the linear span of X 1 (x), . . . , X q 1 (x) for any x near O. The same holds for the vector fields Y 1 , . . . , Y q 2 . The equality (3.5)
Proof. By induction. Apply Proposition 3.2 to Λ 1 and Π 2 = Λ 2 ∧. . .∧Λ s , we get a coordinate system in which Λ 1 and Π 2 are normalized. The problem is then reduced to (a parametrized version of) the problem of normalization of the (s − 1)-tuple of Nambu structures Λ 2 , . . . , Λ s .
Example 3.4. Consider a non-identity linear automorphism φ from a torus T n to itself, and denote by M its suspension: M is a torus fibration over the circle S 1 , with a "horizontal" vector field X which is a lifting of the standard constant vector field on S 1 such that the Poincaré map of X on a fiber of M is isomorphic to φ. Denote by Λ the standard contravariant volume form on the torus fibers of M . Then Λ is a Nambu structure on M which is preserved by X. We can also view X as a Nambu structure of order 1 on M . Then Λ and X are two transverse commuting Nambu structures on M . Notice that the holonomy of the foliation generated by X near the closed orbits of X are not trivial on the tori (i.e. the leaves of Λ), i.e. we have here two transverse foliations which are generated by two commuting Nambu structures, but which do not satisfy Movshev's holonomy condition [7] . Nevertheless, this example is of almost direct product type, and it is reasonable to consider almost direct products of manifolds as examples of commuting foliations.
3.2.
Reduction of Nambu structures. Before treating the case q 1 +q 2 > n, let us make a digression and discuss briefly about the reduction of Nambu structure, because we will reduce the case with q 1 + q 2 > n, to the case with q 1 + q 2 = n.
A vector field X is called a Nambu vector field with respect to a Nambu structure Λ if X preserves Λ, i.e. L X Λ = [X, Λ] = 0, where L denotes the Lie derivation, and the bracket is the Schouten bracket. X is called a Hamiltonian vector field with respect to Λ if there are q − 1 functions f 1 , . . . , f q−1 such that
Any Hamiltonian vector field is a Nambu vector field which is tangent to the foliation generated by Λ. Conversely, a Nambu vector field which is tangent to the foliation of the Nambu tensor Λ is a locally Hamiltonian vector field near each non-singular point of Λ. More generally, if f 1 , . . . , f q−k are q − k functions, where 1 ≤ k < q, and Λ is a Nambu tensor of order q, then the
is a Nambu structure of order k which will be called a Hamiltonian Nambu structure with respect to Λ : the foliation of Π f 1 ,...,f q−k is tangent to the foliation of Λ, and Π f 1 ,...,f q−k "preserves" Λ in the sense that
Assume Λ is a given Nambu structure of order q, and Π is a regular Nambu structure of order k (1 ≤ k < q) on a manifold M of dimension n, with the following properties: i) The leaf space M/F Π of the regular foliation
ii) The foliation of Π is tangent to the foliation of Λ, and [Π, Λ] = 0. Then there is a unique Nambu structure Θ of order q − k on the quotient manifold M/F Π (the leaf space of F Π ), which is the reduction of Λ by Π in the following sense: locally near each point z ∈ M there is a coordinate system (x 1 , . . . , x n ) in which
the variables (x k+1 , . . . , x n ) are local coordinate system on the quotient manifold M/F Π , (3.10) Λ = Π ∧ Θ and the expression of Θ involves only the variables (x k+1 , . . . , x n ). The above reduction process is an imitation of the reduction of Poisson structures. It can be done locally, i.e. we can talk about the local reduction of Λ by Π near any given regular point of Π (without the need of the assumption that Π is globally regular).
3.3. The case q 1 + q 2 > n. When q 1 + q 2 ≥ n + 2 then we always have [Λ 1 , Λ 2 ] = 0 for any q 1 -vector field Λ 1 and q 2 -vector field Λ 2 , and we have to change the definition of commutativity in this case in order for it to be meaningful. When q 1 + q 2 = n + 1 then the condition is non-trivial, but not sufficient to imply that Λ 1 and Λ 2 can be put into a constant form simultaneously near a non-singular point. The best that we can have when
Proposition 3.5. Let Λ 1 and Λ 2 be two Nambu tensors of orders q 1 and q 2 respectively on a manifold M of dimension n, such that Proof. Denote by F 1 and F 2 the foliations of Λ 1 and Λ 2 respectively. Then the intersection of F 1 with F 2 near O is a regular 1-dimensional foliation. LetX be a local vector field which is tangent to this intersection foliation, i.e.X is tangent to both Λ 1 and Λ 2 :X ∧ Λ 1 =X ∧ Λ 2 = 0. SinceX is tangent to Λ 1 , we have [X, Λ 1 ] = aΛ 1 for some function a. By putting X = fX, where f is a local solution of the ordinary differential equatioñ X(f ) = af , we get [X, Λ] = 0, i.e. X is a locally Hamiltonian vector field of Λ 1 . Locally near O we can write Λ 1 = X ∧ Π 1 , and also Λ 2 = X ∧ Π 2 , where Π 1 and Π 2 are Nambu structures and Π 1 is invariant with respect to X. The equality 0 = [
X is also a local Hamiltonian vector field with respect to Λ 2 .
Remark that, in the above proposition, even though we can choose X, Π 1 and Π 2 such that Λ 1 = X ∧ Π 1 , Λ 2 = X ∧ Π 2 , and Π 1 and Π 2 are two Nambu tensors invariant with respect to X, we cannot arrange so that [Π 1 , Π 2 ] = 0 in general. A way to define commutativity of two Nambu structures whose total rank is greater than the dimension of the manifold is as follows: Definition 3.6. Let Λ 1 and Λ 2 be two Nambu structures of orders q 1 and q 2 respectively on a manifold M of dimension n, such that q 1 + q 2 − n = k > 0. Then we say that Λ 1 commutes with Λ 2 if in a neighborhood of any point O ∈ M such that the foliations generated by Λ 1 and Λ 2 are transverse to each other near O, there is a local coordinate system (x 1 , . . . , x n ) such that
Another equivalent definition of commutativity of Nambu structures in the case q 1 + q 2 > n is given by the following proposition and by induction on q 1 + q 2 − n: The proof is straightforward and by induction on q 1 + q 2 − n. In Definition 3.1 for the case with q 1 +q 2 ≤ n, we assumed that Λ 1 ∧Λ 2 = 0. The case when Λ 1 ∧ Λ 2 is identically zero is a degenerate case, and in that case the definition of commutativity has to be changed as follows to make sense: Definition 3.8. Let Λ 1 and Λ 2 be two Nambu structures of order q 1 and q 2 respectively on a manifold M , and k > 0 is a constant, such that dim(T z F 1 ∩ T z F 2 ) = k for almost every z ∈ M, where F 1 and F 2 denote the foliations of Λ 1 and Λ 2 respectively. Then we will say that Λ 1 commutes with
Example 3.9. Given an action of a Lie algebra g on a manifold M , i.e. a Lie morphism g → X (M ) from g to the Lie algebras of vector fields on M , such that its general orbits have dimension equal to q, we can construct a family of Nambu structure as follows: for each element ξ ∈ ∧ q g, denote by Λ ξ the image of ξ via the natural extension ∧ q g → ∧ q X (M ) of the map g → X (M ). Then Λ ξ is a Nambu structure of order q on M for any ξ, and is ξ is chosen well enough then almost all the regular orbits of the action of g on M are also the regular leaves of the foliation of Λ ξ . Now if there are two commuting actions of two Lie algebras g 1 and g 2 on M , and two elements ξ 1 ∈ ∧ q 1 g 1 and ξ 2 ∈ ∧ q 2 g 2 , then the two associated Nambu structures Λ ξ 1 and Λ ξ 2 will commute with each other. We will leave the verification of this fact as a simple exercise to the reader.
Almost direct products
The almost direct product example mentioned in the introduction of this note is in fact a general consruction of foliations which are transverse to each other and have complementary dimensions. More precisely, we have the following simple proposition: Proposition 4.1. Let F 1 and F 2 be two regular foliations on a connected compact manifold M , such that
where F 1 and F 2 are two connected manifolds (which are not necessarily compact), G is a discrete group which acts on the product F 1 × F 2 freely and diagonally.
The about result seems to be folkloric, but unfortunately We don't have an exact reference for it. So for the sake of completeness, let us give here a proof of it.
Proof. First notice that, due to the fact that F 1 and F 2 are transverse and have complementary dimensions, F 1 creates a locally flat parallel transport among the leaves of F 2 and vice versa: given any two paths γ 1 tangent to F 1 and γ 2 tangent to F 2 such that γ 1 (0) = γ 2 (0), there is a unique natural way to transport γ 1 along γ 2 such that γ 1 remains always tangent to F 1 . This locally flat parallel transport exists locally even if the manifold M is not compact. The theorem still holds if we replace the compactness condition by the following weaker completeness condition: the parallel transport exists not only locally, but also globally, i.e. given any two paths γ 1 tangent to F 1 and γ 2 tangent to F 2 such that γ 1 (0) = γ 2 (0), there is a unique natural way to transport γ 1 (resp. γ 2 ) along γ 2 (resp. γ 1 ) such that γ 1 (resp. γ 2 ) remains always tangent to F 1 (resp. F 2 ).
Take a point z ∈ M. Denote by F 1 (z) (resp. F 2 (z)) the leaf of F 1 (resp. F 2 ) passing through z. Let γ be any loop in M starting at z. We can approximate γ by a zig-zag piecewise horizontal-vertical loop (also starting at z 0 ) which is homotopic to γ. Using the parallel transport to commute vertical pieces with horizontal pieces, one sees easily that γ is homotopic to the concatenation γ 1 + γ 2 where γ 1 : [0, 1/2] → F 1 (z) and γ 2 : [1/2, 1] → F 2 (z) are two paths lying in F 1 (z) and F 2 (z) respectively such that γ 1 (0) = γ 2 (1) and the end point of γ 1 is the starting point of γ 2 . We will denote this point by [γ] .z = γ 1 (1/2) = γ 2 (1/2). Observe that [γ] .z ∈ F 1 (z) ∩ F 2 (z), and it depends only on the homotopy class [γ] of γ in the fundamental group π 1 (M, z).
Fix a point z 0 ∈ M. Denote by Γ ∈ π 1 (M, z 0 ) the set of elements α in the fundamental group π 1 (M, z 0 ) such that for any z ∈ M , any path µ from z 0 to z we have π µ (α).z = z, where π µ (α) denotes the image of α in π 1 (M, z) via the natural isomorphism φ µ from π 1 (M, z 0 ) to π 1 (M, z) generated by the path µ. One verifies easily that Γ is a normal subgroup of π 1 (M, z 0 ), i.e. the quotient G = π 1 (M, z 0 )/Γ is a group. The group Γ also satisfies the following remarkable property: if [γ 1 + γ 2 ] ∈ Γ, where γ 1 is a loop tangent to F 1 and γ 2 is a loop tangent to
Denote byM the normal covering of M associated to Γ, i.e. π 1 (M ) ∼ = Γ, G = π 1 (M, z 0 )/Γ acts freely onM , andM /G = M. The foliations F 1 and F 2 can be lifted naturally toM . We will denote the lifted foliations onM byF 1 andF 2 respectively. Since (M, F 1 , F 2 ) satisfies the completeness condition, (M ,F 1 ,F 2 ) also satifies this condition. We want to show that (M ,F 1 ,F 2 ) has direct product type. Due to the completeness condition, it is enough to verify that if F 1 is a leaf ofF 1 and F 2 is a leaf ofF 2 , then F 1 intesects with F 2 at exactly one point.
Assume to the contrary that y 0 , y 1 ∈ F 1 ∩ F 2 , y 0 = y 1 . Then there is a loop γ = γ 1 + γ 2 such that γ 1 (resp. γ 2 ) starts at y 0 (resp. y 1 ), ends at y 1 (resp. y 0 ) and is tangent toF 1 (resp.F 2 ). Denote the projection map fromM to M by the hat, e.g.ŷ 0 ∈ M is the image of y 0 ,γ 1 is the image of γ 1 by the projectionM → M. By construction, [γ] = [γ 1 +γ 2 ] ∈ Γ, which implies thatŷ 1 =ŷ 0 , which in turns implies that [γ 1 ] ∈ Γ. But since γ 1 is a lifting of γ, the fact thatγ 1 ∈ Γ implies that y 1 = y 0 by construction ofM , which is a contradiction. Thus any leaf ofF 1 intersects with any leaf ofF 2 at exactly one point, and (M ,F 1 ,F 2 ) has direct product type. The rest of the proof is straightforward.
In Proposition 4.1, a-priori there are no Nambu structures. But of course, if F 1 and F 2 are generated by two commuting Nambu structures, then we will have volume forms on the manifolds F 1 , F 2 in the almost direct product model, and the action of G on F 1 and F 2 will be volume-preserving. Proposition 4.1 can be naturally extended to the case of k foliations F 1 , . . . , F k , where k > 2. But in the case k > 2, the transversality condition T x M = k i=1 T x F i is far from being sufficient for the decomposition of the picture in to a semi-direct product (F 1 × . . . × F k )/G, and we really need some more meaningful commutativity condition. Fortunately, the commutativity of k regular Nambu structures Λ 1 , . . . , Λ k which generate F 1 , . . . , F k will do the job.
Proposition 4.2. Let F 1 , . . . , F 2 be k foliations on a connected compact manifold M , generated by k regular pairwise commuting Nambu structures The proof of Proposition 4.2 is absolutely similar to Proposition 4.1, and it can also be deduced from the proof of Proposition 4.1 by induction on k.
(Notice that, for example, Λ 1 ∧ Λ 2 is again a regular Numbu structure which commutes with the other Λ i ).
Proposition 4.2 is reminiscent of other almost direct product theorems, in particular the clasical theorem about the almost direct product decomposition of reductive algebraic groups (see e.g. [6] ), and also the topological decomposition theorem for nondegenerate singularities of integrable Hamiltonian systems [10] . A particular case of the above theorem is when the foliations F i are one-dimensional, i.e. the Nambu tensors Λ 1 are commuting vector fields. In this case the manifold M is a k-dimensional torus, G is (in the generic case) isomorphic to Z k , and one recovers the classical Liouville's theorem about quasi-periodicity of motion of integrable systems [4] . Inspired by this, one can extend the notion of integrability of dynamical systems to the case of foliations as follows: Definition 4.3. A foliation F of dimension q on a manifold M will be called integrable if it can be represented by a Nambu structure Λ = Λ 1 or order q, and there are Nambu structures Λ 2 , . . . , Λ s and functions F 1 , . . . , F r such that: q 1 + . . . + q s + r = n, F i are first integrals of Λ j , the Λ i commute pairwise, and Λ 1 ∧ . . . ∧ Λ s = 0 almost everywhere. Proposition 4.2, or rather a parametrized version of it which involves also first integrals, can then be viewed as a generalization of the classical Lioville's theorem to the case of integrable foliations.
Some final remarks and questions
In this note, we considered only the regular case. But what about the singular case, when, for example, two foliations are regular but together they have have singularities, or at least one of the two foliations is singular ? One should be able to develop a normal form theory for such singular commuting foliations, at least in the case when the singularities are nondegenerate or generic in some sense.
What about differential forms which are invariants ? Apparently, those forms must be analogous to basic differential forms of fibrations. (In particular, the contraction of the form with any vector field tangent to the foliation must vanish, i.e. they are transverse forms, or more generally, one can talk about invariant transverse structures). Will they play a role in a generalized theory of integrability of foliations . And what about a Galoisian theory of obstructions to the integrability of singular foliations ?
Since Nambu structures associated to foliations are uniquely defined only upto multiplication by a function, one may be tempted to weaken the commutativity condition and replace it by the following conformal commutativity condition: Two Nambu structures Λ 1 and Λ 2 of order q 1 and q 2 respectively, with q 1 + q 2 ≤ n, are called conformally commutative if locally near each point they become commutative after multiplication by local invertible functions. However, this notation of conformal commutativity does not lead to interesting geometric properties enjoyed by the true commutativity. For example, if X 1 and X 2 are two commuting vector fields on a torus Π 2 such that [X 1 , X 2 ] = 0 everywhere, they are quasi-periodic, but the conformal commutativity condition is a trivial condition in this case and does not imply anything at all. So Nambu structure may be viewed as "foliation structures", and they may be even more interesting than foliations themselves.
A very important use of the associated Nambu structures, which we didn't discuss in this paper, is that they allow one to define the deformation cohomology of singular foliations and develop a deformation theory of singular foliations by algebraic means. This will be done in a forthcoming joint work of the authors and Philippe Monnier.
